ABSTRACT. In the present paper we construct q-Szász operators that preserve the third test function e 2 . Rate of global convergence is obtained in the frame of weighted spaces. Furthermore, we obtain a Voronovskaja type theorem for these operators. 
Introduction
J. P. King [1] has presented an example of linear and positive operators 
Construction and estimation of moments
Throughout the paper we employ the standard notations of q-calculus. q-integer and q-factorial are defined by For integers 0 ≤ k ≤ n q-binomial is defined by
If |q| > 1, or 0 < |q| < 1 and |z| < 1 1−q , the q-exponential function e q (x) was defined by Jackson, see [16] ,
If |q| > 1, e q (z) is an entire function and
There is another q-exponential function which is entire when 0 < |q| < 1 and which converges when |z| < 1 |1−q| if |q| > 1. To obtain it we must invert the base in (1), i.e. q → 1 q :
We immediately obtain from (2) that
We set
Let B m [0, ∞) be the set of all functions f satisfying the condition that |f
These spaces are endowed with the norm
In order to introduce a King type q-Szász-Mirakjan operators, we present a construction due to N. I. Mahmudov [10] .
Ò Ø ÓÒ 1º Let q > 1 and n ∈ N. For f : [0, ∞) → R we define the Szász-Mirakjan operator based on the q-integers
NAZIM IDRISOGLU MAHMUDOV
Moments M n,q (e m ; x) are of particular importance in the theory of approximation by positive operators. From (4) we easily derive the following recurrence formula and explicit formulas for moments M n,q (e m ; x), m = 0, 1, 2, 3, 4.
Ä ÑÑ 2º ( [10] ) Let q > 1. The following recurrence formula holds
Now we give an explicit formula for the moments M n,q (e m ; x), as a q-analogue of a result of Becker, see [13: Lemma 3] .
where
In particular M n,q (t m ; x) is a polynomial of degree m without a constant term.
We transform the operators defined at (4) in order to preserve the quadratic function e 2 . Defining the functions
we consider the linear and positive operators
The operators defined at (9) verify the following identities
P r o o f. The proof is based on the formulas of Lemma 3.
Ä ÑÑ 6º Let v n,q , n ∈ N be defined by (8) , where q > 1. The following statements are true.
is strictly increasing in x and
. It is clear that h is strictly increasing and
It follows that
P r o o f. Let us prove the explicit formula (12) 
ÓÖÓÐÐ ÖÝ 8º Assume that q n > 1, q n → 1 as n → ∞. We have
P r o o f. The proof is based on the limit lim
first, second, third and fourth terms of the formula (12), respectively, then
Ä ÑÑ 9º Let m ∈ N ∪ {0} and q > 1 be fixed. Then there exists a positive
q-SZÁSZ OPERATORS WHICH PRESERVE x 2
Moreover for every 
is a positive constant depending on m and q. From this follows (13). On the other hand
. By applying (13), we obtain (14).
Better error estimation
In this section we compute the rate of convergence of the operators M * n,q . Then, we show that the operator M * n,q has better error estimation than that of the King type Szász-Mirakjan operators.
Ì ÓÖ Ñ 10º For every
The proof is standard one, therefore we omit it.
It is known that
where D * n is the King type Szász-Mirakjan defined in [3] and
It is clear that
This guarantees that 2x (x − v n,q (x)) ≤ 2x (x − v n (x)) for x ≥ 0, which corrects our claim.
Convergence of modified q-Szász operators
In this section we study the approximation properties of modified q-Szász operators.
The following result is a q-analogue of [14:
We have, for all x ≥ 0,
Therefore, M * n,q n (f ; x) converges to f uniformly on [0, ∞) as n → ∞, whenever f * is uniformly continuous.
Thus we can write
Finally, from the inequality
In order to complete the proof we need to show that we have for all x > 0,
Indeed we obtain from the Cauchy-Schwarz and Lemma 6 inequality
showing (15), and completing the proof.
Next, we obtain a direct approximation theorem in C * m [0, ∞) and an estimation in terms of the weighted modulus of continuity. It is known that, if f is not uniformly continuous on the interval [0, ∞), then the usual first modulus of continuity ω (f, δ) does not tend to zero, as δ → 0. For every f ∈ C * m [0, ∞) the weighted modulus of continuity is defined as follows
The following is the main convergence result of the paper. In Theorem 13 we give an expression of the approximation error with the operators M * n,q by means of Ω m .
holds, where k is a constant independent of f and n. considering the cases t > x ≥ 0 and x > t ≥ 0 separately, we may write
Applying the Cauchy-Schwartz inequality to the second term, we get 
Notice that, the second inequality follows from the first and µ 2 x (t) ≤ 2 1 + (2x + t) 2m . Further, by Lemma 6, we get
Now from (16) , (17) and (18) Finally, using Lemma 7, we obtain the assertion of our theorem.
